Abstract. We develop the concept of a Cheeger deformation on the context of fiber bundles with compact structure group. This procedure is used to provide metrics with positive Ricci curvature on the total space of such bundles, generalizing the results in Nash [10] and Poor [11] .
Introduction
The metric deformation known as Cheeger deformation was firstly introduced on [3] . Its main goal was to produce metrics with non-negative sectional curvature on manifolds with symmetries. Since then, Cheeger deformations were used in [6, 5] to produce new examples of manifolds with non-negative and positive sectional curvature; in [12, 13, 7] to study curvature properties on homogeneous spaces and biquotients and on [14] to lift positive Ricci curvature from a metric quotient M/G to M .
On the other hand Nash [10] and Poor [11] proved that the total space of some classes of fiber bundles admit metrics of positive Ricci curvature: for instance, linear sphere bundles, vector bundles and principal bundles over manifolds with positive Ricci curvature. In particular, their results provide metrics of positive Ricci curvature on exotic spheres. The main idea of the present paper is to establish an analogous to the Cheeger deformation on a specific class of metrics on fiber bundles. We use such deformation to unify and extend the works of Nash [10] and Poor [11] , providing positive Ricci curvature on a broader class of fiber bundles: Theorem 1.1. Let F ֒→ M π → B be a fiber bundle from a compact manifold M with fiber F , compact structure group G and base B. Suppose that (1) B has a metric of positive Ricci curvature, ( 2) The principal orbit of the G-action on F has finite fundamental group, (3) F has a G-invariant metric such that F/G, with the orbit distance metric, has Ric F/G ≥ 1. Then M carries a metric of positive Ricci curvature.
For the exposition, we follow [9, 16] , introducing a suitable reparametrization of 2-planes and a non-decreasing formula for the deformed sectional curvature (see (3.1) ). The class of admissible metrics for the present deformation includes any submersion metric whose fibers metrically are homogeneous spaces with respect to the structure group (which is assumed to be compact).
On Section 2 we recall the basic concepts and notaion of Cheeger deformations following [16] . On Section 3 we introduce the new deformation and prove Theorem 1.1.
Cheeger deformations
Here we quickly recall the procedure according to Ziller [17] and M. Müter [9] . Let (M, g) be a Riemannian manifold with an isometric G-action, where G is a compact Lie group and Q is a biinvariant metric on g, the Lie algebra of G. For each point p ∈ M the orbit Gp through p is a submanifold of M satisfying Gp ∼ = G G p , where G p is the isotropy subgroup of the G-action at p. Let m p be the Q-orthogonal complement of g p , the Lie algebra of G p . Observe that m p is isomorphic to the tangent space to the orbit Gp. The isomorphism is induced by computing action fields: given an element U ∈ g, define
The map U → U * p is a linear morphism whose kernel is g p . We call the tangent space T p Gp as the vertical space at p, V p , and its orthogonal complement, H p , as the horizontal space. A tangent vector X ∈ T p M can be uniquely decomposed as X = X + U * p , where X is horizontal and U ∈ m p . The main idea in the Cheeger deformation is to consider the product manifold M × G, observing that the action
is free and isometric for the product metric g × 1 t Q, t > 0. Its quotient space is diffeomorphic to M since the projection
is a principal bundle for action (1) . It induces a family of metrics g t on M . Next, we define useful tensors: (1) The orbit tensor at p is the linear map P : m p → m p defined by
All the three tensors above are symmetric and positive definite. The next proposition shows how they are related:
Proposition 2.1 (Proposition 1.1 in [17] ). The tensors above satisfy:
The metric tensor C −1 t can be used to define an suitable reparametrization of 2-planes. Using this reparametrization we can observe that Cheeger deformations do not create 'new' planes with zero sectional curvature. More generally: 
., e n } for H p , we fix the g-orthonormal basis {e 1 , . . . , e k , e k+1 , . . . , e n } for T p M , where
It follows that:
Define the horizontal Ricci curvature as
Lemma 1. For {e 1 , ..., e n } as above,
Proof. A straightforward computation following equation (2) gives
Equation (4) now follows by replacing X by C t X.
Cheeger deformations on fiber bundles
We use Cheeger deformation to produce deformed metrics on fiber bundles with compact structure group.
Let F ֒→ M π → B be a fiber bundle from a compact manifold M , with fiber F , compact structure group G and base B. We start by recalling that the structure group of a fiber bundle is the group where some choice of transition functions on M take values. Precisely, if G acts effectively on F , then G is a structure group for π if there is a choice of local trivializations {(U i , φ i :
The existence of {ϕ ij } allows us to construct a principal G-bundle over B (see [8, Proposition 5.2] for details) that we shall denote by P. Furthermore, there exists a principal G-bundleπ : P × F → M whose principal action is given by (6) r(p, f ) := (rp, rf ).
(For details see the construction on the proof of [4, Proposition 2.7.1].) For each pair g and g F of G-invariant metrics on P and F , respectively, there exists a metric h on M induced byπ. Denote by M the set of all metrics obtained in this way (for instance, if G is transitive on F then every metric on M such that the holonomy acts by isometries on each fiber belongs to M). The set M is the set of admissible metrics for our deformation:
We define h t as the submersion metric induced by g t × g F , where g t is the time t Cheeger deformation associated to g.
As it can be seen, the deformation itself is well-defined for a broader class of metrics (for instance, P × F could have any metric such that each slice {p} × F has a G-invariant metric), however, if the metric is not a product metric, the deformed curvature is harder to control and Theorem 3.1 below does not hold.
Fix (p, f ) ∈ P ×F . Any X ∈ T (p,f ) (P ×F ) can be written as X = (X +V ∨ , X F + W * ), where X is orthogonal to the G-orbit on P, X F is orthogonal to the G-orbit on F and, for V, W ∈ g, V ∨ and W * are the action vectors relative to the G-actions on P and F respectively. Let P, P F and P t be the orbit tensors associated to g, g F and g t , respectively.
We claim that X is g t ×g F -orthogonal to the G-orbit of (6) if and only if
for some W ∈ m f . A vector (X + V ∨ , X F + W * ) is horizontal if and only if, for every U ∈ g:
Since U is arbitrary, we conclude that V = −P
Keeping in mind that the point (p, f ) is fixed, we abuse notation and denote
Define the tensorsP t ,C t : m f → m f ,
Proof. First observe that the right-hand-side of (11) is of the form (7): take W = P −1
Next, we prove that the unreduced sectional curvature is non-decreasing for reparametrized planes (Theorem 3.1). For the reparametrization, extendC t to 
where κ t is as in Theorem 2.2 andz t is non-negative.
Proof. The proof follows from a direct use of Gray-O'Neill curvature formula and Claim 2. Observe that
Letz t be three times the norm squared of the integrability tensor ofπ applied to LπC
tỸ (see [4] for details). Then,
Although, the termz t plays no role on the applications in this paper, we claim that it is, actually, non-decreasing with respect to t. This is a crucial observation sincez 0 is an essential part of the initial curvature: sinceπ : (P×F, g×g F ) → (M, h) is chosen to be a Riemannian submersion,z 0 is the A-tensor term on the submersion formula. Or, equivalently, taking t = 0 in Theorem 3.1,
3.1. Applications to Ricci curvature. We use of the theory developed so far to prove Theorem 1.1. We begin by constructing an appropriate basis for the horizontal space ofπ with respect to g t × g F . Consider a Q-orthonormal basis {v k (0)} of m f and define
Lemma 2. The set
Proof. Note that the elements in (13) are of the form (11) . Thus, it is sufficient to show that the set (13) is orthonormal. A straightforward computation gives:
where we have used that (P
and thatP t is symmetric.
Let {e B i } and {e F j } be orthonormal bases for the spaces normal to the orbits on P and on F , respectively. We complete the set on Lemma 2 to a g t × g F -othornormal basis for theπ-horizontal space:
. Denote by e 1 , ..., e n the elements in B t . Theorem 1.1 follows from the next two lemmas.
Lemma 3. For any
Proof. Using the basis B t , from (14) , and Theorem 3.1, we have:
On the other hand, theP t satisfy:
In particular,P t → 0 as t → ∞. Both (16) follows since tP t = P F (P t + P F ) −1 tP t , P t → 0 and tP t → 1. Equation (17) follows since
Using (16), we observe that
Moreover, using equation (2) and that
lim
For the remaining term:
Using (16) and (17), we obtain
Lemma 3 follows by putting together (18), (19) and (20). Proof of Theorem 1.1. Let g F be as in Lemma 4. Assume by contradiction that, for each t > 0, there is a point x t ∈ M and a h-unitary vector X t + (X F ) t + U such that Ric ht (X t + (X F ) t + U * t ) ≤ 0. Then, considering t = n ∈ N, we get a sequence X n + (X F ) n + U * n such that lim n→∞ Ric hn (X n + (X F ) n + U * n ) ≤ 0.
Since P and F are compact and the horizontal lift is an isometry, there is a limit point x and a non-zero vector X + X F + U * such that
Recall that the sum
Q is the Ricci curvature of the Q-normal homogeneous space G/G f in the direction U . We claim that G/G f has finite fundamental group, whenever f is on the principal part or not.
Let H < G be a principal isotropy group for the G-action on F . By hypothesis, π 1 (G/H) is finite. Following Bredon [2, section IV.3], we can assume (up to conjugation) that H < G f . The long homotopy sequence of
is finite if and only if G f /H has a finite number of connected components. However, G f is a compact manifold, since it is a closed subgroup of the compact Lie group G. Therefore, π 1 (G/G f ) is finite. We conclude that there is a C > 0 such that
Q (see e.g. Proposition 3.4 in Nash [10] , Proposition 6.6 in [14] or Theorem 1 in [1] ). Therefore, Ric Next, we list the results from Nash [10] and Poor [11] which are Corollary to Theorem 1.1. 
